Abstract. We extend the well-known Cassels-Tate dual exact sequence for abelian varieties A over global fields K in two directions: we treat the p-primary component in the function field case, where p is the characteristic of K, and we dispense with the hypothesis that the Tate-Shafarevich group of A is finite.
Introduction
Let K be a global field and let m be a positive integer which is prime to the characteristic of K (in the function field case). Let A be an abelian variety over K. and A t (K) , respectively, and the preceding exact sequence induces an exact sequence
which is known as the Cassels-Tate dual exact sequence [3, 11] . See [9, Theorem II.5.6(b), p.247]. The aim of this paper is to extend the isomorphism B(A)(m) * ≃ A t (K) recalled above to the case where m is divisible by the characteristic of K (in the function field case) and no hypotheses are made on X(A). The following is the main result of the paper. Let m and n be arbitrary positive integers. Set
and
Then the following holds 1 :
Main Theorem . For any positive integer m, there exists a natural exact sequence of compact groups
It should be noted that a similar statement holds true if above the henselizations of K are replaced by its completions. See [9, Remark I.3.10, p.58] .
This paper grew out of questions posed to the authors by B.Poonen, in connection with the forthcoming paper [10] . We expect that the above theorem will be useful in [op.cit.].
with in the relevant proofs of [9] if A(K) is replaced with T m Sel(A) throughout 2 .
Settings and notations
Let K be a global field and let A be an abelian variety over K. In the function field case, we let p denote the characteristic of K. All cohomology groups below are either Galois cohomology groups or flat cohomology groups. For any non-archimedean prime v of K, K v will denote the field of fractions of the henselization of the ring of v-integers of K. If v is an archimedean prime, K v will denote the completion of K at v, and we will write H 0 (K v , A) for the quotient of A(K v ) by its identity component. Note that, for any prime v of K, the group
, where K v denotes the completion of K at v. See [9, Remark I.3.10(ii), p.58]. Now let X denote either the spectrum of the ring of integers of K (in the number field case) or the unique smooth complete curve over the field of constants of K with function field K (in the function field case). In what follows, U denotes a nonempty open subset of X such that A has good reduction over U. When N is a quasi-finite flat group scheme on U, we endow H r (U, N) with the discrete topology. Now let m and n be arbitrary positive integers, and let M be an abelian topological group. We will write M/m
. Finally, the m-primary component of a torsion group M will be denoted by M(m). For any positive integer m and any n ≥ 1, the above pairing induces a pairing
Proof of the Main Theorem
On the other hand, the map (1) and (2) are compatible, in the sense that the following diagram commutes:
By the proof of [9, Proposition I.6.4, p.92], there exists an exact sequence
Taking inverse limits, we obtain an exact sequence
Note that the pairing
.271] and the right-exactness of the tensor product functor, there exists a natural exact sequence
Proof. By [9, Lemma II.5.5, p.246] and Remark 3.1 above, the map
, which is the zero map (see [9, (5.5 .1), p.247] and Remark 3.1 above). Consequently,
To prove surjectivity, we consider the commutative diagram
Note that the properness of A t over U implies that the left-hand vertical map in the above diagram is an isomorphism (see [op.cit., p.242]). Now let c ∈ Sel(A t ) m n , write c ′ for its image in X(A t ) m n under the map in (5) and let ξ ′ ∈ D 1 (U, A t ) m n ⊂ H 1 (U, A t ) m n be the pullback of cto global function fields, provided the p-primary components of the groups involved are ignored, where p denotes the characteristic of K.
In this paper we have removed the latter restriction when M is an abelian variety, but the problem remains for general 1-motives M.
